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Chapter 1

From Finite Elements II1

1.1 Preliminaries

Before we jump into the theory, it is essential that we understand the notation. The symbols we use,
especially in higher dimensions, is actually hiding a lot of machinery, and thus it becomes imperatives that
we understand what each symbol represents. Let us first set the scene:

D C R?
=10,7) C Ry (orall of Ry
w:DxT—R™

f:R™ — R™*4 So the range of f is matrices of the size “size of range of u” by “space domain”

To jump the shark a bit, the equation we care about is:

Ou+V-flu)y=0 (1.1)

For example, what do we mean by the divergence of a matrix? Let us now break down the various cases,
in particular, the difference

Casel: D C R; u(x,t) € R (Purely Scalar Case)
In this case, dyu is scalar valued, f : R — R = R, Thus, V- f(u) = dzf(u) € R

Case 2: D C R u(x,t) € R.
Thus, d;u € R, but f(u) € RY, and so Vf(u) = 8:5:1) + ..+ af(u) , or the classical divergence.

Case 3: D C RY; u(z,t) € R™.

To be clear: u(z,t) € R™, f(u) € R™*9. (So what is the divergence of a matrix mean?) Well (by
definition):

Of1j Ouy 4+ 9f1j Qum,

fl] (u) (9$jf1j (u) duy Oz Oum O Zm Of1j Ouy

0f2; 9 Of25 oupm k=1 Buy 9z,

Xd:ax faj(u) | 3 9z faj(u) | Xd: Gur ot T Bar e | zd: e
J . - . - . - .

j=1 : j=1 : Jj=1 m fmj Quy

fmJ( ) 8a:jfmj (u) Ofim Ouy 4o+ Of1m Oum k=1 "u) Oz,

Ouy Oxj Oup, Oxj

Therefore, V - f(u), Z] L ket ?9]35 g;:

Next we prove a theorem that becomes the hidden work horse later on for weak solutions, the Fundamental
Theorem (or Lemma) of Variational Calculus. We present and prove in full generality.



Theorem 1.1 (Fundamental Theorem of Variational Calculus). Let f € L}oc(Rd). If [ f¢ de =0 for all
# € C°(R?), then f =0 a.e.

Proof. Without loss of generality, suppose f > 0 (other wise split in positive and negative parts). Let K be
compact such that m(K) > 0. Choose ¢ € C$°(R9) such that K C supp(¢). (Choose a bump function if
necessary). Then, [ f¢ < fsupp(¢) fo=[f¢=0. Thus, (since f¢ is positive) f¢ = 0 a.e on K, but since
¢ #0on K, f =0 a.e. on K. Thus, for every compact K, f|x = 0 a.e. Next, take the collection of closed
balls, B(n,) =: B,,. These are compact, so f|g, = 0 a.e. for all n € N. Now, R? = U°B,,. Thus, (since f
is positive) fxp, T f. Thus, by the Monotone Convergence Theorem, (0 = fB" f— [f=0. Thus, [ f=0,
and since f is positive, we deduce that f =0 a.e. O

1.2 Chapter 79: Scalar Conservation Equations

Overview:
1. Scalar- conservation equations

2. Weak and entropy solutions

1.2.1 Weak and entropy solution

Model Problem
e D C R? polyhedron
e f € Lip(R, R?), Lipschitz vector-valued function; the fluz
e uy € L°°(D); initial data

e PDE: The conservation equation

Ou+ V- f(u) =0; u(z,0)=up(z), (z,t) €D xRy (1.2)

Motivation for terminology:
Let O C D be open. Suppose u solves 1.2. Then:

Ou+V-fluy=0 =
/&gu—l—V-f(u)dx:O
o

8,5/ uda:—i—/ V- f(u)dz =0

o o

Oy / udz + f(u) - nds = 0 by Divergence Theorem
o 80

8t/ ude = — f(w) - nds.
o 00

That is, the only change in mass inside the region is what leaves the region through the boundary, ie.,
no spontaneous creation or destruction of mass. Hence conservation law. In particular, if |, 20 f(u)-nds =0,
then the mass within the boundary remains constant.

Here are some important examples:

Example 1.2 (Linear Transport). PDE: 0;u+8Vu = 0, where § is some constant vector field, ie, f(u) = Su.
The solution is u(z,t) = up(x — tB), that is, the data, but shifted.

Example 1.3 (Burger’s Equations). Flux = f(u) = $u?; PDE = d,u + 0,(3u*) = 0.



Local existence and loss of smoothness

Definition 1.4. A solution to 1.2 is a strong solution over the time interval [0,7) if u € C*(D x [0,T))
and u solves 1.2 for all (z,t) € D x [0,T).

Remark 1.5. In this setting, we may use the chain rule on 1.2 and recast the problem as:

Ou+ f'(u) - Vu=0
which in a nonlinear transport equation with velocity f(u).
Method of characteristics

This method comes from more elementary PDE theory, but we go into some better detail. Consider the
PDE problem:

{atu + 0y f(u) =0

u(xz,0) = up(x)

Let us further suppose that f € C'. Then the PDE becomes:

Ou+ f'(u)dyu = 0.
We define the characteristic to be the solution to the following ODE:

Ax(s,1) = [/ (ulx(s,1),1))
x(s,0) =s

To get a better grasp of this Y, it is related to a path in space time (x(t),t), where x(s,t) = z. (Here, s
is fixed because it is fixed in the ODE problem.) That is, I give you a ¢, and x gives me the x.

First: We define the auxiliary function: ¢(¢,s) := u(x(s,t),t). Then:

d d
at¢(ta S) = 8,5’11()((8, t)a t) = 7U7X + 6tu = 8zuf/(u) + 8tu =0.
dx dt
Thus, ¢(t, s) is constant with respect to t. Then ¢(t,s) = ¢(0,s) = u(x(s,t),0) = u(s,0) = ug(s). Therefore,
u(x(s,t),t) = uo(s). In particular, the solution is constant along characteristics. We call this the implicit
solution.

Second: Using this fact, we deduce:

dx(s,t)
dt

= f'(ulx(s,t),1)) = f'(uo(s))-

Thus, our ODE is independent of ¢, and so solving it we get x(s,t) = f'(ug(s))t + s. In particular, the
characteristic is simply a line in space time with slope (velocity) f/(uo(s)). We can thus view x(s,t) = x to
get the full solution.

Example 1.6. Consider the Burgers Equation, with initial data ug(x) being the hat function:

0 r<—1
142z —-1<x<0
1—-2 0<zx<1
0 rx>1

uo(x) =

Now, (as before), we can rewrite the PDE as:
g + f'(u)u, = 0.

Observe that f/(u) = u. We now consider a path though space time (x(t),t) C R? where z(0) = 2. Now
define an auxiliary function ¢(t) := u(x(¢),t). Thus:



dudic du

= ar e 1.
%= Gwdr T du (13)
Observe how similar this looks to the PDE. Indeed, if we consider the solution to the following ODE:
{42 = lufa(t), 0)u(2(0).1) = uo(zo)
Then, 1.3 becomes:
3¢_d£d£+dl—f'(u(x(t) t))ug +up =0 (1.4)
T drdt T de ’ x L= .

Therefore, ¢(t) is constant (along the path). Thus:

o(t) = ¢(0) = u(x(0),0) = uo(zo).
We thus conclude that u(z(t),t) = ¢(t) = ug(zo). Now we only need to find x in terms of xy based on
uo(xo).
When zg < 1, ug(xg) = 0, and thus the point remains where it is. The same is true for g > 1. When
—1 < 29 €0, we have ug(z) = g + 1 = 92, Thus, solving this ODE for z gives = (1 + x)t + g, so

x—t dt
To = - Thus:

z—1 14z
£),t) = —l+4ap=1+ — :
u(z(t),t) = uo(zo) Zo o1 = 143

A similar approach gives the result for when 0 < zy < 1.

Example 1.7. Consider another Burgers Equation set up, but this time ug(z) = sin(z). As before, f'(u) = 0,
and we consider a path (z(t),t) with 2(0) = zy. Then, we consider an ODE % = f’(u(x(t),t)). As before,
% = wup(x) = sin(xp). Thus, solving this ODE gives x = sin(x)t + 2. This gives an implicit solution for
xo. In this case, we can use Newton’s Method (or Euler’s Method (?)) to find a solution. Finally, as in the
first exmaple, we have u(x(¢),t) = ug(zo) = sin(xg) = numerical result.

Proposition 1.8. Assume that f is class C? and that ug is class C* and infgeg min(f” (ug(x))ug(s),)) > —oo.
Then 1.2 has a unique strong solution over the time interval.

Weak Solutions

It may very well be the case (if not frequently so) that the initial data is not smooth, ie, there is a jump
discontinuity or some edge, or smoothness is lost in some finite amount of time (that is, the solution starts
smooth, but then breaks in finite times). We would still like to have some notion of solution, but to do so,
we must drop our insistence that ug be in C!' (among other possible assumptions). We therefore introduce
the notion of weak solution (which is related to, in spirit, the weak derivative, insofar as the weak derivative
is an extremely simple kind of PDE). To develop the weak solution, we integrate the PDE (in both time
and space) against some smooth (C'), compactly supported test function and use integration by parts. The
general starting form is:

/jjatu‘¢+v~f(u)¢ dz =0 (1.5)

/ 8tu¢dx+/ V-f(u)-¢de=0 (1.6)
D D

(1.7)

We make the computation slowly, integrating in space first. Let us first suppose that we are in the purely
scalar case. Let ¢ € CJ(D x Ry ;R).



/ Opud + O f (u)¢ dz =0 (1.8)
D

/D@tu¢dx+/Damf(u)¢ dz =0 (1.9)
(1.10)

However, because ¢ is zero on the boundary, by Stoke’s Theorem:

[ oestwoas = [ pode— [ u)-o.00e =0~ [ ) o.000 = = [ w0000
Thus, we can improve 1.6 to:

/Dﬁtuqﬁdo:Jr/Daxf(u)gbdx:/D@tungd;z:—/Df(u)~V¢dx:0.

Let’s now integrate in time, and focus this time on the first term:

/ /@uqﬁdxdt:// Oyugdtdr by Fubini
o Jp D Jo

:/D [u¢|g°_/0muat¢dt] dz

= / [U(O, x)p(0,2) — / uatgbdt] dx since ¢ is compactly supported
D 0

= —/ uo(x)$(0, z)dx — /OO uOppdtdz.
D D Jo

Thus, putting both calculations together, we conclude:

/OOO/Datuqb+3mf(u)¢dxdt=—/Duo(m)¢(0,x)dx—/D/Ooo uatqbdtdx—/Om/l)f(u)amdxdt:o.

Thus, taking negative gives the result for this case.

When u(z,t) € R™, an easy extension is as follows: let ¢ € C3(D x R4 ;R™). Then a similar calculation
(using more general theorems) gives:

oo
/ uo(x) - ¢(0,x)da +/ / [u- 0+ f(u) - Ox¢] dtdz =0 (1.11)
D pJo
where - is the R™ dot product.
In the full general case (u(x,t) € R™, D C R%): let ¢{(D x Ry, R™) :

/Duo(x) - ¢(0,z) da + /D/O [u-0:d+ f(u) : Vo] dedt =0 (1.12)

where - (again) is the R™ dot product, but : is the double concatination.

Remark 1.9 (A more general weak solution). Suppose that our time domain was restricted to some [0, T.
Then, the weak solution is u such that the following holds for all ¢ € C}[D x [0,T)) (the computation is
similar to the above):

T
/ / udpd + f(u) - Vo dadt + / uo(x)p(z,0) — u(z, T)p(x,T) dx = 0.
o Jp D



Definition 1.10. A function v € L§°,(D x Ry) is a weak solution if it satisfies 1.12 for all ¢ € C}(D x
R, ;R™).

Example 1.11. Let D = R, ug € L (D). Let us show that u(z,t) := ug(x — St) is indeed a weak solution

loc
to the linear transport equations. Recall that in the linear transport equation, f(u) = Bu for some constant

8. We show that the left hand side of 1.12 does equal 0. Consider:

I:= /Oo/ udp(x,t) + (up) - Vo(z, t)dadt
o Jp

Since u(z,t) = ug(x — Bt) ( by assumption), we achieve:

I= /0 /D ug(x — Bt)0d(x, t) + (up(x — Bt)B) - Vo(x, t)dadt.

Now make a change of variable: ' = x — 8t, so dz’ = dz. Then:

/(/WWMW+WM+WWW%deﬂ%MW.
o Jp
We would like to make things simpler, so let ¢ (z’,t) := ¢(a’ + Bt,t). Then:

o(x',t) = Vo(z' + Bt t)B + 0rp(x’ + B, t).
We therefore deduce:

/0 /D wo (@)D d(a’ + Bt 1) + (up (') B) - Vo(a' + B)dadt = /0 /D o)y )da’ dt

:/uww " o 1) dtds’
D

0

= / ug(z") [~ (2',0)] dz since v is compactly supported
D

:/Dfuo(x')lb(x',()):/ —uo(2) (), 0)da.

D

Bringing the right hand side over shows that u(z,t) := uo(x — 5t) is indeed a weak solution.

Remark 1.12. In general, there are infinitely many weak solutions to a given problem. To achieve unique-
ness, we must find a way to separate a physically realistic weak solution from nonsense solutions.

Existence and uniqueness

Definition 1.13. A function u is a physically relevant solution to 1.2 if it is a weak solution and if it is the
limit (in some appropriate topology) of the unique solution to the following perturbed problem as € — 0:

Opue + V- flue) — eAue = 0; ue(x,0) = ug(x); (z,t) € D x Ry. (1.13)
We call u, the viscous reqularization of u.

Remark 1.14. One way to look at this approximation is that we’ve allowed the solution more wiggle room,
and (I believe) this problem is much much simpler to solve and guarantee a unique solution exists).

Remark 1.15. It was shown that u be a limit of the above solutions, ie, lim¢_,q ||u —u,||z: = 0 is equivalent
to u satisfying entropy inequalities:

Om(u) +V - q(u) <0



Theorem 1.16. Let f € Lip(R,R?) and ug € L>(D). There is a unique entropy solution to 1.2, is, there
is a u that is a weak solution and satisfies:

A / n)ord + q(u) - qudxdt—/ (2, 0)n(ug)dz < 0

for all entropy pairs (n,q) and all compactly support ¢ € CH(D x R, R,).

Theorem 1.17. Let Upmin = essinfrep uo(z) and Umas = esssup,ep uo(z). Then the entropy solution
satisfies the maximum principle:

U(Qf, t) S [umina umaz]~

1.2.2 Riemann Problem

The Riemann Problem (first proposed, obviously, by Riemann) is a classic conservation law problem based
upon a rather simple initial condition. One prerequisite is that the flux is Lipschitz.

1D Riemann Problem

We consider the 1D Riemann problem:

Oru+ O f (u) =
(e, 0) = {uL x<0 . (1.14)
ugr x>0

Case 1: u;, < ug. We first suppose that f € C? and f is convex, ie, f”” > 0 on the domain [ur,u,]. That
is, f’ is monotonically increasing. We use the method of characteristics.
First suppose xg < 0, so ug(xs) = ur. Then the charactersistic becomes:

x(t, ) = xo + tf' (ur).

Observe that since uy, is constant, the characteristics are all parallel (for 2o < 0). Thus, the implicit solution
is:

u(x(t,z0),t) = uo(x(t,z0) — f'(ur)t) = ug(xg) = ur.
Thus, we conclude this is only valid when x(¢,20) — f'(ur)t < 0, or x(t,20)/t < f'(ur). We can thus recast
this as u(z,t) = ur, when z/t < f'(ur).
Likewise, if we suppose xg > 0, then ug(xo) = ug, so x(t,zo) = xo + tf'(ug). Thus:

u(x(t, o), t) = uo(wo) = uo(x(t, xo) — tf'(ur)) = ug.

A similar argument as above gives then that u(z,t) = ug when z/t > f'(ur).

Since f’ was monotone increasing and ur < wug, everything is perfectly well-defined thus far. The
question now becomes what about f’'(ur) < x/t < f'(ug)? The solution appears to depend upon x/t, ie,
u(z,t) = w(z/t) where w: R — R. If we substitute w into (1.14), we have:

Ouw + £ (w)dw = — ! (/1) + w'(a:/t)%f’(w).

If o/t = f'(w(x/t)), then:

Tl (@/t) + S (x/t) f (w) = 0.

Thus, u(x,t) = w(x/t) solves the problem iff x/t = f'(w(x/t)). (Note that the above argument holds
for any Riemann problem regardless of the initial conditions or f). But we know that f’ is continuous



and monotone increasing, and so (f')~! exists on [f’(ur), f'(ug)]. Therefore, w(z/t) = (f')~*(x/t) for
f(ur) <x/t < f'(ugr). Thus, the solution is:

ur, z/t < f'(ur)
u(z,t) = ¢ ()" Na/t) flur) <z/t < f'(ug) - (1.15)
UR f(ugr) <z/t

But what happens if f'(ur) < f'(ur)? Then we have a shock. In particular, if one looks at the
characteristics, then they intersect, and when they intersect, there is a shock. Contrasted with the first
case, f'(ur) < f'(ugr), and so the characteristics never intersect, and thus, we have the expansion wave as
described above.

Case 2: ur < ur. This case, we first assume that f is concave rather than convex (still C? though).
Then a similar argument follows, and the solution is similar.

To summarize: when uy < ug and f is convex, the solution is as above. When ur < ur, f is concave,
the solution is as above. When this does not occur, we get a shock wave: up < ug, but f is concave or
uRr < ur, but f is convex.

Example 1.18 (Burger’s Equations). Consider the Riemann problem with Burger’s Equations, so f(u) =

“72. Observe that f is convex everywhere. Since f’(u) = u, we have that (f’)~!(u) = u, and so the solution
becomes:

up  x/t < (f)"Hur) =ug
u(z,t) =< z/t up <z/t <ugr
ur ugr </t

Up till now, we have assumed that f is either convex or concave (on a certain interval). What about
more generally? We consider the convez envelope and concave envelope:

f(v) :=sup{g(v) : g(z) < f(z) for all z and g convex} (1.16)
f(v) :==inf{g(v) : g(2) > f(2) for all z and g concave}. (1.17)

To get a better grasp of these objects (in particular, the convex envelope, for the concave envelope is similar),
suppose we have uy, < ug, but f was concave (say something like —u?). Then, the convex envelope is simply
the line connecting (ur, f'(ur)) and (ug, f'(ug)). Then (draw the damn picture), the convex envelope is
flu) = f'up)(u—ur) + f'wr)(u=ur)  phen F(u) = fur)—f(ur)

UL —UR (uRfuL) UL —UR
from before.

It can be shown that f and f are convex and concave respectively. Furthermore, it can be shown that,
is the case that uy, < ug, the solution is:

, which is precisely the shock wave speed

ur a/t < (f')"'(ur)
u(a,t) = ¢ (f)"M@/t) fur) </t < f'(ur).
UR f(ur) < z/t
And in the case ug < ur, the solution is:
ur a/t < (f)"Nur)

u(w,t) = { () @/t) f(u) <a/t < f(ug) -
UR f(ur) </t
We combine this all into a single theorem:
Theorem 1.19 (Riemann Solution). Assume that the interval [ur,ur] can be divided into finitely many

subintervals where f has a continuous and bounded second derivative, and where f is strictly convexr or
strictly concave. The entropy solution to the Riemann Problem is given by:



ur, a/t < (f') ! (ur)
u(w,t) =< () Ha/t) [(ur) <@/t < f'(ug). (1.18)

UR f(ug) < x/t

if up, < ug, and f must be replaced by [ if ur > ug.

Riemann Cone and Averages

Define the following objects:

o fT/(UL) ur, < UR . fI(UL) ur, < UR
AL(UL?UR) . {f/(uL) ur, > UR AR(uL’UR) o {f/(UR) ur, > UR '

Observe how the solution depends purely on whether uy, < ugr or ug < wur and the relationship z/t
shares with them. In particular, the solution is nontrivial only in a certain region. When u; < ug, then
it is nontrivial when f’(ur) < x/t < f'(ugr); when ug < Ry, it is nontrivial when f'(ur) < z/t < f'(ug).
This define the Riemann Cone (see page 333 for a picture.) We can recast this more formally: The area of
nontrivial solution occurs in the Riemann Cone, or the Riemann Fan:

C(up,ug) == {(z,t) E Rx R : \p(ur,ur) < z/t < Ar(ur,ur)} (1.19)
Definition 1.20. We call the mazimum speed in the Riemann problem the number max |Ag(ug, ur)|, |A\r(ur, ur)|-

Any number satisfying the inequality

A (up,ur) > max |Ag(ur,ur)|, | AL (ur, ur)|

is called an upper bound on the maximum wave speed.

Lemma 1.21. Letu be an entropy solution to (1.14), (n,q) be an entropy pair, and define the Riemann average

as u(t,ur,ur) = f 1/2 u(xz,t) dt. Let Apy be any upper bound on the mazimum wave speed. The for all
t € [0, 357
1
ult,ur,ur) = 5(ur +ugr) = t(f(ur) = f(uz)), (1.20)
1
n(a(t, ur, ur)) < 5(n(ur) +n(ur)) - tlq(ur) - qu)). (1.21)
Proof. Consider
Oru+ Oy f (u) =

and integrate from —1/2 to 1/2 in space and 0 to ¢ in space:

/2 pt
/ / Opu+ Oy f (u) drdx = 0.

—1/2Jo

Direct computation yields:

1/2
/ / dxdT‘/ fu(1/2,7) = f(u(=1/2,7))dr
1/2
1/2 1/2 1/2 1/2
/1/2/ /1 u(t, ) dx—/1/2 u(0,z)dz = u(t,ur,ug) —/1/2 uo(z)da.

Zu)(t,uL,uR)—%(uLJruR)Jr/O fuw(1/2,7)) — f(u(—=1/2,7))dr = 0.

Thus:

10



However by assumption, 52 < 5+ < —Apr < Ar. Thus (looking at equation 1.18), we have u(1/2,7) = ug.
Therefore,

a(t,ur,ur) — %(UL +UR)+/O flug)— flup)dr =0 = a(t,up,ur)— %(uL+uR)+t(f(uR)ff(uL)) =0.

This gives 1.37. A similar argument gives:

1/2

1 1
Bun(u) + Dea(u) <0 = / e 0 = 5] + () + 5 alur) = a(uz)) <0
1 2
Jenssen’s Inequality, n f 12U <[ 162 u(z,t))dz gives the inequality. O

Remark 1.22. The max/min principle implies that u is in the convex hull of (ur,ugr). Thus, (u) €
convex hull. Then, for ¢ as in the theorem, the quantity above is in the convex hull.

1.3 Chapter 80: Hyperbolic System
1.3.1 First-order Quasi-linear hyperbolic systems
Set up:

emeN, m#0

e A C R™, called the admissible set of states.

e DCR?
e A, € Lip(A; R™X)
® Uy € A
e PDE:
Ou+ > Au)dpu=0; u(x,0)=uo(z). (1.22)
le{1:d}

Of course, u(x,t) € R™. The above system is called first order quasilinear system.

Definition 1.23. The system in [1.22] is hyperbolic if the matrix A(v,n) := 37,4y uA(v) is diagonaliz-
able with real eigenvalues for all v € A and any unite vector n € R%. (Recall that a matrix is diagonaliable
iff the sum of the dimensions of the eigenspaces is the same as the image space.) The system is strictly
hyperbolic if, in addition, all eigenvalues are distinct.

Suppose we have a nice domain D and that A;(v) = A; for alll € {1:d} and v € A Further suppose

thatthere is some k = (kq, ..., kq) and Uy € R™ such that ug(z) = Upe?**. Let k := T H2 . Now consider:
12
A(x) = Z k1A
T R

(That is, the sum of the each matrix scaled by k;.) Then, referring to the above definition, this system is
hyperbolic iff A is diagonalizable with real eigenvalues.

Let us suppose that it is hyperbolic. Then, there exists eigenvalues {1, ..., A,, } with eigenvalues {v1, ..., v }
such that {v;};cf1:m) is a basis. Therefore:

E ajvj.

je{l:m}

11



By assumption, we conclude that

uo(z) = Z ajvjet.

je{1:m}

Using these calculations, we can actually prove a solution exists:

Lemma 1.24 (Plane wave solution ). Under the above assumptions, the unique solution is:

u(x,t) = Z ajujet ko= illklizt, (1.23)
je{l:m}

Proof. We readily observe that the initial conditions are satisfied. Thus we only need to verify the PDE.
Linearity of the derivative gives:

Duule,t) = =i 3 agugdy[kfee’t Ikt

je{1:m}
M =3 Z O(jvjklei(kmf)\jﬂkupt'
axl je{1:m}
Because (\;, v;) is an eigenpair of A := Hk'h S 2te(i:ay Arki, we deduce
; :

Z Ajkvj = ||kl2v; for all j € {1:m}.

le{1:d}
Therefore:
Z Alal =i Z ||k||l2/\lv.ei(k'ﬂﬂ—kjl\k\hzt.
al'l ‘ ]
le{1:d} je{l:m}
And finally, we conclude that d;u + Zle{l:d} A, 813(;1:[,t) = 0, and the proof is complete. O

Note 1.25. The idea is that the solution to 1.3.2 is a planar wave. Then, as we will see in the Riemann
problem, we can pick a direction using a unit vector n and recreate a 1D Riemann problem that tells us
about the solution along that line.

1.3.2 Hyperbolic system in conservative form

Consider our typical conservation system:

Recall from the preliminary section that this can be rewritten as:

'Z A f11 Ouy
je{l:m} Ou; Oz,

8tu+ Z . = 0.

le{1:d} $ O fmi Ouj
je{l:m} Ou; Oz

For | € {1:d}, observe

S 9 fu Ou; 7 dfu dfu dus
j€{l:m} du; Oy Ouq e O oz
Z O fmi auj Ofmi 9 fmi Oum
je{l:m} Ou; Oz | Ouy T Oup Oy

A (u) oz ju

Therefore, the conservation equation can be written as:

12



Opu + Z A (u)0y,u. (1.24)
le{1:d}

Following the definition above, we conclude that the conservation system is hyperbolic iff the matrix

(A(Uvn))ij = Z nlavjfil(v)a for i,J € {1 : m}

le{1:d}
is diagonalizable over R.
Definition 1.26 (Weak Solution). We say that v € L°.(D x R, R™) is a weak solution to [1.3.2] if for all
¢ € CH(D x RY R™), we have

/ / (u-0id+ f(u): Vo) dedt —|—/ ¢(x,0) - up(z) dx = 0. (1.25)
o Jp D
(See preliminary calculations for derivation.)

Remark 1.27. As in the scalar case, while the notion of weak solutions opens many doors, there are too
many door, and uniqueness becomes a problem.

1.3.3 Entropy for Hyperbolic Systems

As in the scalar case, another way to discuss/ address uniqueness of a solution is to invoke entropy. As
before, we have entropy inequalities, and entropy solutions give us physically relevant solutions.

Definition 1.28. We say that (7, ¢) is an entropy pair for a conservative system (as in [1.3.2]) if the functions
are such that :

1. n € CY(A,R) is convex;
2. q € CY(A,R?) is such that:

0v;q (v Z ovin(v) Ov; f; k(v)for all v € A.. (1.26)

ie{l:m}

In particular, given an entropy pair (7, q), we can choose a physically relevant solutions that satisfies the
following inequality holds for all ¢ € C§°(D x RT,RT):

/ / w)Orp + q(u)V - ¢) dadt f/ #(z,0)n(ug) de < 0.for all ¢ € C°(D x RT,RT) (1.27)

We now show that if u satisfies [??], then it satisfies yn(u) + V - g(u) < 0 a.e. (This is good practice)

Consider:
[t dvae = [ atwroti ~ [ atwnoa] as
- [ —ntwota)o0.) - /Oo 0(w)es dadt

—/ n(uo(z) Oxder// w)y didz.

13



—/D/Oooq(u)V~¢)dtdx:/ooo— [/taDn-q(u)gb dx—/DVq(u)ng dx] dt
_ _/OOO _/qu(u)¢ dudt
:/OOO/DVq(u)qS dadt.

Combining these calculations together, we deduce

/ (o (2)) (0, daer// ¢dtdx+/m/qu(u)¢ da:dtf/Dn(uo(z))ng(O,x) dz < 0.

Therefore, we have:

// u)ip + Vq(u édtdx—// u): + Vq(u)) ¢ dtdz < 0.

And thus by the Fundamental Theorem of Variational Calculus,

n(u): + Vq(u) < 0. (1.28)

Proposition 1.29. If a weak solution u to [1.24], that is, u satisfies [1.25], is smooth, then the inequalities
in [1.28] are in fact equalities.

Proof. Since u is smooth, we may apply the chain rule:

on Ou;
On(u) = Z 871787;’
J

je{l:m}
_ a% 0q; Ouy,
V~q(u)—'z x; Z Z aukaxi'
ie{l:d} ie{1:D} ke{l:m
Therefore:
n Juy 0q; Ouy,
0 V( J
m(u) + Va(u Z Ou; 0 Z Z ouy, O0x;
je{l:m)} ic{1:d} ke{l:m)}
on 0 on Ofir 0
- Z 817 A Z Z Z a—;?lafT:aix/: by the definition of entropy pair
je{1:m} i€{l:d} ke{l:m} le{l:m
0 0 0fi 0
= Z g u] Z Z J3i Ot (here we changed the [ index to j)
. 87.Lj 87.Lk 8:@
je{1:m} i€{1:d} ke{l:m}
0 by PDE
=0.
We observe that satisfying this inequality implies [1.27] is also satisfied. O

Remark 1.30. The same result holds in the weak sense if u is piecewise smooth and continuous.

Entropy is one way to consider physically relevant solutions; another method is to consider (as in the
scalar case) viscous regularization. For € > 0, we consider the problem:

Opue + Vf(ue) — €eAue = 0; ue(x,0) = ug(x).

We further say that u is a vanishing viscosity solution to [1.3.2] if ||ue — u||r — 0 as e — 0.

14



Remark 1.31 (Lack of Uniqueness). Unlike in the scalar case, entropy solutions and viscosity solutions do
not guarantee uniqueness. Indeed, it has been shown that there exists infinitely many weak solutions that
also satisfy the entropy inequalities.

Lastly, we consider a few examples

Example 1.32 (Linear Wave Equation). Consider the system:

(1.29)

ou+V-v=0
v+ cAVu=0

where u € R, v € R
First we take the time derivative of the first equation:

&g[@tu—I—V-v]zattu+8tv~v:0.

Then we take the divergence of the second equation:

V- [5‘tv+02Vu] =V -Ov+AV-Vu=V-9,v+ccAu=0.

With appropriate assumptions on v—namely that it has continuous second partial derivatives—we have:

OV -v=0 [ Y i = D 0Opvi= Y 0p0v; =V-(9v).

ie{l:d} ie€{1l:d} ie€{1l:d}

Then, by subtracting the second from the first, we obtain the linear wave equation:
Oppu — 2 Au = 0. (1.30)

We can recast this as a conservation problem: let u = <VUT) (and thus u € R*9) and let

(% V2 Vd
2
vT ccu 0 0
fw=(2g) = -
0 0 cu
o 3tu
Then, dyu = (&tv) and
i amivl i
0
fri(w) 0
V- fu) = Z Oz : - Z ?Opiu
ie{1:d} Fas1i(u) ie{1:d} 0 !
L 0 -
Thus, the system is:
Btu 9 v 8tu+ Zie{l:d} awﬂ]i
Oy, e A1 + 20z u
dutV-flw=| .|+ > | i |= .
iE{l:d} 2 X .
8t"Ud ¢ (97«1U 8t1}d + CQ&Edu
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The first row of this matrix gives the first equation of the original system, whereas the rest of the matrix
gives the system for the second equation. Finally, we give some computations. Let n be a unit vector in R.

Then:

ving + 0+ Vgnyg n---n
Auny +04+---+0 Auny v-n
f(u) - n= : - : - |:CQ’U/II:| '
0+4---+ 0+ uny Anyg
Lastly:
v-n 0 ny  n? nd
Aung cng 0 0
D(f(u) -n)=D =1 .
Auny Ang 0 ... 0

It can be shown that there are (d+ 1) eigenpairs of the above matrix, and that they are (c, (1,cn”)7) and
(0, (0,vf)T) for all I € {1 : d — 1}. Furthermore, the vectors {vi}ieq1:a—1y are such that {n,vy,...,vq_1}
form an o.n. basis for R?.

Example 1.33 (p-systems). Consider the model for the 1D isentropic gas:

0w —0u=0 (1.31)
Opu + dap(v) = 0. .

Here, d = 1, m = 2 and the map v — p(v) is the pressure, u =velocity, v =specific volume. We require
that 0 < p”, p’ < 0. To make this problem a conservation equation, we define:

e

Therefore, we compute:

O£ (u) = (ﬁ%au) N [p’?v) _01} Bﬁzﬂ
A(u) dzu

Thus,
A(n,v) = Z nA(v) =nA(v), n ==+l
le{1:d}

Following the definition of hyperbolicity, the system is hyperbolic if A(n,v) has real eigenvalues and is
diagonalizable. Computation yields:
det(A(n,v) = A) =0 = X2 —p'(v) =0 = A=+ (v).
(Quickly observe that the above computation relies on n = +1.) Then, solving the system:
0 —1| |z]| _ [V-P(v)x1
p'(v) 0] |22 —p'(v)a2]
1

Gives —x9 = +/—p'(v)z1, which implies that (_ — /(v)> is a an eigenvector. Likewise, —zy =

1
—+/—p'(v)x; implies that < p’(v)> is an eigenvector. And so the system is hyperbolic.
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1.3.4 Riemann Problem

Consider the first order quasi-linear equation:
ou+V-f(u) =0. (1.32)

Now we consider a 1D Riemann problem from [1.32]: Let n € R? be a unit vector. We seek v : R x R} —
R™ such that:

vg <0 F(u) := f(u) - n. (1.33)
N——

v+ 0 F(u) =0; v(z,0)= {
Oy (f(u) - n) can be viewed as A(u,n) - 9zu

vy O0<z

(Recall that A(n,v) = 37cy.qy Ar(v)ru, so that (A(n,v) = 370 %? for 4,5 € {1 : m}, so that
A(n,v) is a square matrix).

Let (A (v),r1(v) be an eigenpair of A(n,v), ( so A(n,v)r;(v) = A\(v)ri(v). We adopt the convection
that A\;(v) < -+ < A\, (v). We assume that the map v — (A (v),7(v)) is C.

Definition 1.34. Let [ € {1 : m}, n € R? be a unit vector. The [-th eigenpair is genuinely nonlinear if
DX(v)-ri(v) =0 for all v € A, and is linearly degenerate if DX\;(v) -7 (v) =0 for all v € A.

Example 1.35 (Scalar Case: d = m = 1.).
Oy + 0 (f(u)) = dpu + f'(u)dpu = 0.

Then A(v,n) =3 cy.qy muA(v) = 1f'(u) = f'(u). Thus, (f'(u), e;) is the only eigenpair. Thus, the system
is genuinely nonlinear iff DA(u) = Df'(u) = f”(u) # 0 and is linearly degenerate iff f”(u) = 0.

Moving forward, we consider the problem [1.33], but for simplicity that all of the eigenpairs of A (n,v) are
either genuinely nonlinear or linearly degenerate. Furthermore, we make the following normalizations: if 7;(v)
is linearly degenerate, then set ||r;(v)| = 1, and if 7;(v) is genuinely nonlinear, then set DX;(v0 - r;(v) = 1.

As in the scalar, we would like to find a self-similar solution to [1.33]. That is, we seek w(x/t) such that
u(z,t) = w(z/t). Let us denote & := z/t.

Lemma 1.36. The map w(§) is a self-similar weak solution to [1.35] iff A(w(&),n)w’(§) = Ew(E).

Proof. Suppose w(€) is a solution. Recall:

df1 o w
Zle{l:d} "la%uf T Zle{l d} n J;sz( )
A(w,n) = : .
o ml W m
Zle{l:d} n faulj(l . Zle{l :d} aw,,f
Next, we compute:
drwi(x/1) wi(@/t) ¢ wy (z/t)
L I o O B B R OF
AN : - : B : t t)t
O wim (2/t) wy, (2/t) Wy, (/1)
Therefore:
0 w) Ow W) Qwm
Zle{l:d} n faljﬂ(l ) 8z1 % +ot Zle{l:d} n fli)(m ) BT% 1
Oy (f(wW) -n) = = zA(W,n)W’(x/t).
Diefiay afgfu(ZW) Gt Die{ray Mg an(W) P &
Lastly
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Thus:

Therefore:

A(w,n)w’ (%) = &w' ().

The converse follows by a reverse argument.
O

The above lemma is only possible if w(§) is constant or (£, w(£)) is an eigenpair of A(w,n). If is is an
eigenpair, then there exists an I € {1 : d} such that A\;(w(£)) = ¢ and w'(€) is proportional to r;(w(£)), ie,
there exist some y(§) such that w(&) = y(&)ri(w()).

Lemma 1.37. If ry(w(§)) is genuinely nonlinear and \j(w(&)) = & and w'(&) is proportional to ri(w(§)),
then w'(§) = ri(w(§))-

Proof. Suppose (A(w(&)),r(w(§))) is genuinely nonlinear. Then:

d%xl(w@» - d%s — DAW(E) W) =1 = () DAWO)R(E) =1 = W'(E) = n(w(¢)).
1

O

Lemma 1.38. Suppose that the l-th eigenpair is genuinely nonlinear. Let u, € A (that is, pick a state),
& = N(uz). Let § > 0 be such that w € CY((&, — 6,&, + 6),R™) solves the ODE w'(€) = ry(w(€)) with
(w)(gz) =u,. Let I := (gz —0,& + 6)

1. The identity \((w(&)) = £ holds for all € € 1.

2. Let & € (€, —6,&,) and set up, := w(&r) (e, pick a left state). Let g € (£,,€, +6), ug = w(€r) (e,
pick a right state). Then, N\i(ur) < \i(ur) and the function :

uy, 1‘/t S )\l(uL)
u(z,t) = w() N(up) <z/t < \(ug) (1.34)
ur Ai(ug) < z/t

s a self-similar weak solution to the 1D Riemann problem.

Proof. Since we normalized r;, we have:

T €= Nw(9) =1~ DA(W(EO)W(E) =1-1=0.
Thus, & — \(w(&)) is constant for all £ € I, and since &, — \i(w(£,)) =0, & = N(w(§)) for all £ € 1.

Since &1, € (£,—9,&.), (1) gives that A\, = N\(w(€r)) = A\i(ur). Likewise, Eg = A\j(ugr). Since £ < €g, we
conclude that A\;(ur) < A;(ug). Note that this give that u as defined above is continuous. Thus, u is piecewise
smooth, and so we only need to satisfy the PDE on the three areas: z/t < A\j(ur), Ni(ur) < 2/t < Ai(ug)
and A\j(ug) < x/t. In the first and third regions, w is constant, and thus satisfies the PDE. In the middle
region, we observe that w'(§) = r(w(§)), so the condition for the lemma holds and is solution on the
interval. O
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Lemma 1.39 (Rankine Hugoniot). Let s € Ry. The function:
t <

(i, t) = {uL x/t<s

ugp s<auaft

s a weak solution to the 1D problem iff s is such that
f(ur) -n—f(ugr) -n=s(ur —ugr). (1.35)
Proof. Let t < % We integrate:
1 gt 1
/ Opudrdz = / u(z,t) — u(x,0)dz
-1Jo

:/U@wu4w+m]

- /ts u(z, t)dz + /tl u(z,t)dz — [ug + ug]

S

ts 1
/ uLdz+/ updr — [ug — ug]
t

—1 s

urlts + 1] + ug[l — ts] — [ug + ur]

=urts — ugts = ts[uy, — ug|

/ol/llax(f( n)dedr /Of )on = bff(u(~1,7)) -0 dr
:/0 f(ur) -n —f(ug) - ndr
= t[f(ur) -n — f(ur) - nl.

Thus:
s(up, —ur) =f(ug) -n—f(ug) -n

O

Lemma 1.40 (Contact Discontinuity). Assume that the I-th eigenpair is linearly degenerate. let u, € A
and let & = Nuz). Let & > 0 be such that z € C'((€; — 6,&. + 0)) solves the ODE 2'(§) = ri(2(€)) with
Z(gz) = Uyg.

1. The identity A\j(z(§)) = Ni(uz) holds for all§ € I := (£, — §,&, +9).

2. Let &, € (1, —0,&,) and let up, := 2(€1). Let &g € (§2,€r+90), ur := z(Er). Then the function defined
by:

m%w{w‘x“<NW9 (1.36)

ur  x/t > N(uy).
is a self-similar weak solution to the Riemann Problem.
Proof. We calculate:

d

dfgkz(Z(S)) = DAi(2()) - #'(€) = DAi(2(€)) - mu(2(8)) = 0.
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Thus, A\;(z(§)) is constant, so A\j(2(§)) = Ai(uy) for all € € I.

flun) = fur) = [ 8 riete) e
_ ;R DF(2(8)) - n - 2 (€)de
_ : A((€).m) - r(=(€))de
_ /5 f N (=(€)ri(=(€))de

= Ai(uz)[z(€r) — 2(€1)]

Thus by Rankine-Huguinot we have a solution. O

Note 1.41. Contact discontinuities are discontinuities that simply travel in time—compare with shocks that
come from interacting velocities.

Lemma 1.42 (Shock). Let u, € A, assume that the eigenvalue \j(u,) has multiplicity 1 and let & = A (uy).

1. There exists a § > 0 and functions s; € CO((£, — 6,&, +0),R), 2 € CO((&, — 6,&, +6),R™) such that
forall€ el

(£(2(8)) = uz) - n = s1(&)(2(§) — uz).

2. Fiz £ €l. Sets=s51(8). If £ <&, set u) = z(§) and ug := u,, whereas if £, < &, set uy, := u,, and
ur := z1(§). Then the function defined by:

(1) = {uL x/t<s

up s<uz/t

1s a self-similar solution to the Riemann Problem.
Note 1.43. Shocks are the result of collisions/ velocities hitting each other.

Theorem 1.44. Assume that the Riemann problem is strictly hyperbolic and that for all 1 € {1 : m} the
l-th eigenpair is either genuinely nonlinear or linearly degenerate. Then there exists a § > 0 such that for
every pair (ur,ugr) € A? such that |ugr —ur|| < 6, the Riemann problem has a weak solution that consists
of at most m + 1 constant states separated by expansion waves, shocks, or contact discontinuities, and this
solution is a vanishing-viscosity solution.

Note 1.45. That is, the solutions to Riemann problems can be stitched together—“a miracle”-JLG.

This theorem implies that there are at most 2m numbers {)\li}le{lzm} such that A\] < )\1+ << <
AL which determine up to 2m + 1 areas in the z — ¢ plane such that the solution is uy, in the first sector
{z/t < AT}, ug in the last {z/t > A%}, and in between is either constant or an expansion wave. If A, = A\,
then we have a shock or a contact discontinuity. This gives rise to the Riemann Fan.
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1.3.5 Maximum speed and averages

Throughout this section, let n € R? be a unit vector. Let Apax > max(|A] (n,ur,ur)|, N5 (n,ur, ug)l)-

Definition 1.46 (Max Wave Speed). Let (ug,uz) € A? and n € R? be a unit vector. The number

max(|\] (ur,ur)|, A% (ur, ur)|) get a max on wave speed, either shock speed or from expansion waves

is called the maximum wave speed in the Riemann problem. Any read numbers A\pax(ur, ur) satisfying
the bound above is called an upper bound on the mazximum wave speed in the Riemann problem.

Let u(ug,ur)(z,t) be the vanishing viscosity solution in the above theorem. Observe that x/t >
Mur,ur) > M\ (up,ugr) and z/t < —Apax(ur,ur) < A7 implies that:

< _t)\max ’
(Solution to 1D Riemann Problem) < w(ur,ur)(z,t) = “roEs (g, ur)
ur T > tAmax(urL, uR).

Let 0 < tAmaz(ur,ur) < 1/2; we define the Riemann Average to be:

1/2
u(t,ur,uR) := / u(ur,ur)(z,t)de. (1.37)
~1/2

We observe that if (1,q) is an entropy pair for the quasi linear system, then (n,q - n) is an entropy pair
for the Riemann problem.

Lemma 1.47. Recall that u(t,ur,,ug) is defined for 0 < tAmax(up,ur) < 1/2. Let (n,q) be an entropy pair
for the quasi-linear system. Then:

u(t,up,ur) = %(uL +ugr) — f(f(ug) -n—f(ur) -n) (1.38)

(n(ur) +n(ur)) = t(a(ur) -0 —qur) - n). (1.39)

/2 gt
/ / Opu+ 0, (f(u) - n)drdx = 0.
—1/2Jo

1/2 1/2 1/2 1
/ / Opudrdr = u(z,t) — u(z,0) = / u(z,t) — u(z,0)dx = / u(zx, t)de — §(UL + uR).

—1/2 1/2 —1/2

/ /1/2 n)dzdr = /Ot f(u(1/2,7)) -n — f(u(~1/2,7)) - ndr.

1/2

n(ﬂ(tv ur, uR)) é

N

Proof. We integrate:

The mequahtles 5—7 < =
and u(1/2,7) = ug. Thus:

2t < —Amax(ur,ur) and % > 27 > Amax(ur,ur) imply that u(—1/2,7) = ur,

//1/2 )dxdr—/ flug) - n— f(ur) -ndr =t(f(ur) -n—f(ur) - n).

1/2

Therefore:

1/2 1/2
/ / Ou—0,(f(u) m)dadr =0 = w(t,ur,ur) :/ u(z,t)de = %(UL+UR)7t(f(uR)~n7f(uR)~l’l).
1/2 ~1/2

A similar argument shows that fot fiﬁz

1/2
/ n(u(z, B)dz <

—1/2

On(u) + Opq(u)dadr < 0 implies that

(n(ur) +n(ur)) — t(a(ur) — a(ur)).

N | =

Jenssen’s Inequality gives the result. O
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1.3.6 Invariant Sets
Invariant sets replace the notion of maximum principles for hyperbolic systems.

Definition 1.48. A convex set B C A C R™ is said to be invariant for the hyperbolic system if for every
(ur,ur) € B and every n € R, unit vector, the vanishing viscotiy solution to the Riemann problem is in B
for a.e. z € R and a.e t > 0 with tApax(ur,ur) < 1/2.

Lemma 1.49 (Riemann Average). Let B C A C R™ be an invariant set. Let (ugr,ur) € B? and let n € R?
be a unit vector.

1. If thmax(ur,ur) < 1/2, the u(t,ur,ur) € B.
2. If tAmax(ur,ur) < 1/2 and (ur,ur) € int(B), then u(t,ur,ur) € int(B).

Proof. The function d(v) := inf,cp ||[v — z||;2 is convex because B is convex. Then, by Jenssen’s Inequality
and the fact that u(ur,ur)(z,t) € B, we have:

1/2 1/2
d(a(t up, ur)) = d ( [ 1/2u(x,t)dx> < [ | Ao um)(e )z =0

Thus, by convexity, u(t,ur,ur) € B.
For (2), define

1 Amaxt
w(t) = 7 //\ u(ur,ur)(z,t)de.
maz J—Xpaot

Thus, u(t,ur,ur)(x,t) = (1 — 2Amaxt) — %(UL + ur) + 2 Amaxtw(t). The above argument shows w(t) € B.
Since 1/2(ur, + ug) € int(B), u cannot be on the boundary and thus is in the interior. O

1.4 Chapter 81: First Order Approximation

1.4.1 Scalar Conservation Equations

Naturally, we being our approximation schemes with scalar-valued conservation laws. (For simplicity, we
shall enforce Dirichlet boundary conditions.)

Finite element space

We will use finite elements in our space discretization and forward Euler for our time discretization.
e Let (Th)nesc be a shape regular family of matching meshes, ie, the meshes cover D exactly.
e (K,P,3) be the finite element.
e Let Ty, : K — K be the geometric mapping for K € Tp,.
e The finite element space:
PY(Ty) = {v € C°(D,R) : v|x o T}, € P,YK € T},}.
. Referer}ce shape functions: A{éi}ieN with N := {1 : ng}. We also require partition of unity, ie,
Yienbi(x) =1forall x € K.

e Global shape functions for P%(T,): {¢;i}ica, with A, := {1 : I}, I := dim(PJ(T;,)). Then, let
jaof : Tn X N+ A, be the connectivity array such that ¢; o¢k,i)lx = 0; o T,;l for all (k,i) € Tp, x N.
Thus, we observe that >, , ¢i(z) =1 for all z € D.

e Further recall that A can be partitioned: Aj, = A7 U .Ag.
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We now define I(i) := {j € Ay : ¢;¢; # 0}. (This is also called the stencil)

Readily observe that j € I(i) iff i € I(j).

We define the mass matrix M by M;; = [, ¢i¢;dz.

The lumped mass matriz M is defined as the diagonal matrix M; = J p ®i(x)dx. Observe that the
partition of unity implies that:

[ st = [1o@ic= [ ¥ o@oi@air= 3 [ s@os@ic= 3 ms.

JEAR JEAR JEAR

We also make a key assumption: m; > 0 for all 1 € Ay,

The Scheme

First, we let u) = DicA, Ul¢; € P{(T}) be a “reasonable” approximation of ug. We let ¢, be the current
time, and let 7,, denote the time step at time ¢,. For now, we assume a uniform time partition, so we just
use 7. The space approximation at time t, is given by:

up =Y Ul'¢; € P{(Ty). (1.40)
€A

For the space discretization, we will use forward Euler. The question now is: given u}, (that is, a given
set of node values {U}"};ca, ) how do we compute u} ™ (that is, a new set of node values {U"*'},c4,)? To
do so, we begin by approximating f:

fup) = " FUM;.

JEAR

(This is exact if f is linear—the ¢, is scalar valued, and thus can be commuted with f.) Let us define
c:= | p Vojpidx. (Observe that c is vector valued since V¢; is vector valued.) Then we have the following:

/D V- (f () didz ~ /D Vo S rumes | sdr= 3 rum)- /D Vosode = 3 F(UM) - ciy.

JEAR JEAR JEA;
Let us make a few observations about c;;:
o Ifi & I(j) (or j € I(i)), then c;; = [, ¢ Vojda = 0;

o ¢cii = [p i Vida = faD qﬁ%ndax—fD i Voidx = 0— [, ¢;V¢;dx. Thus ¢;; = 0. (Note that are strongly
enforcing the boundary conditions, so all our of references functions are 0 on the boundary.) ;

® Cjj = fD gszd)de = fc’)D ¢L¢]ndx — fD @V@dx = —Cj4;

o Yiern € = Yierw Jp 0iVéidz = [ iV (Zjem:) ¢>j) dz = [, ¢:V(1)da = 0. (The sum over I(i)
is the same as the sum over A, by the first item.)

Now we give the scheme for the update: given uj € P{(T}), we derive uZ“ = Zieﬂh Urtle; by:

urtt —pn
mi ———t oo FW) ey —dy (Up—UT) | =0, (1.41)
. . R Jel(@) Flux in space
Time discretization
where d}}; := (maX ()\max(nij7Ui”,UJTL)HCUH,/\maX(nji,U;L, UZ"||) cjiH) and Apax is any upper bound on the

maximum wave speed with data (ur,ur) and flux f - n;;. Note:

n __ n
° dij —djz-
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e d7 is irrelevant because the U*s cancel;

o We call dj; the graph viscosity, which is computed using the ¢;;, and so is dependent upon ¢;.

Remark 1.50. It has been shown that for every nonzero Lipschitz flux, there exists initial data such that
the first update violates the maximum principle for every choice of graph viscosity.

Remark 1.51 (Alternative formulation of the update). >, f(U}') - ¢i; — di;(US' — UJ") can be changed
to:

> (W) = FUM) - ey — dy(UF = U
JEI(@\{i}
since ¢; = 0 and
S U - FOM) eij= > fUN) e — fUN) DY eii= > f(UP) ey
JEI(@\{i} JEI(@\{i} JEI() JEI(@)\{i}

0

Thus the scheme is equivalent to:

n+1 n
U —Ui -t 4 Z (f(U}) = F(UM) - iy — diy (U = U") = 0. (1.42)

JEI(i)\{s}

Remark 1.52 (Conservation). We calculate:

S omUr =Y / (;s,U"dx_/ > U"@dx_/ uj,

i€EA} i€EA €A
D dpUF U =3 Y dUf =y ) dyUn
i€AR i€Ap jEI(1) 1€A jEI(4)

Z Z ai U3t — Z Z di;U = 0 since i € I(j) iff j € I(7) and dj; = dj; (work example if confus

KV
i€Ap jEI(1) JEAREI())

LV Jt

Now we show that the scheme is conservative:

UnJrl UrL mn n n
mzi == Z ¢ —diy (U = U") =
JEI(i)
m UM =mUP =1 > (f(U}) - ey — dig (U} = UJ")) =
JEI()
SomUrtt =S " miUr =1y Y (F(U;) - ey — diy (U = UM)
€AY i€ A i€A; jEI(i)
Ym0 =
i€EA; i€Ap jEI(3)
/ uptde :/ upde — 7 Z Z FU?) - ciy.
D i€AR jEI(7)

Calculation shows ¢;V - (f(U}")¢;) = ¢:(f(U;) - V¢;). Thus:

/ 6:V - (F(U )z = / F(U))6i - Voyda = FUD) - cy.
D D

Therefore,
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/ 'Hda:—/uhdx—TZ Z /gbl

€A jEI(4)

Now,
) Vodr= > / f(u

JEI(E
/ v.

JEI(3)

LDZf

JEI(d)

> 3 [ s

1€A jEI()

By assumption, U' = UO for all i on the boundary. Further assume that f(UO)

nj = 1faDn¢de Thus faD
Thus:

jer) f(U})¢; - ndz = 0.

/uZ"’ldx:/ude:---
D D

Example 1.53. Let D
27 =1. Then Ay = {1: I}, AY =

/ upda.
D

= (-=1,1), f(z) := f(v)es, Tp= mesh with cells {[z;, 2i11]}icf1,7-1) with 23 = —1,
{2:1—1}, A? = {1: I}. Our finite element space is P{(T}) = continuous

)- Vo,da.

v¢]d$

¢;)da

-ndz.

i = 0, where

(1.43)

%(hiq + h;), where h; := x;41 — 2.

Ult1) Ciip1—d i, i+ 11U, —U) =

U") + f(U{) - Ciivr —d"i, i+ LU —

dzn,iJrl( i+1 =U).

)+ &5 (U = UF).

piecewise linear. Computation gives: ¢; ;—1 = S5 Ciitl = 3, and m; =
With these considerations,
er ST (U ey —d(UF —UP) =0
JEI(i)
is such that (i) \ {i} ={i+ 1,4 — 1}, and so we conclude:
Y (FU))-ey=diy (U =UP)) = f(Ui1)-Coim1—di i1 (Ui =U)+f(
JEI(i)
Z (f(U;) - eiy —di5(U; = U)) = f(Ui—1) - €ijim1 — dity 1 (Uima
JEI(i)
-1 " 1
= fUi-1)(5) = i1 (Uima-v,) + f(UL)5
Thus,
ntl _ pn Uur ) — f(U™
2_Ul U; :f( 1—1)2f( z+1)+d” (U, —U
T

For the purposes of this example, suppose f(u) = Su. Then, f'(u)

any choice of u;, ug. Furthermore:

|8| for

= 6, and 80 A\pax(ur,ur) =

di.i—1 = max(Amax(nij, Uj", U [lcijll, Amax(nig, US, Ui lleij )

= max([613,18]3)

_ 18l
T2

=d;it1.

25

Um)



Thus, this problem becomes:

urtt—ur  pU, — BUY n n
mg - = L D) + |§|( U) |5‘( z+1 Ui)
1
=3 [BUP, = BUR + 1B|Us16n + |B|U] — |BIU7]
1
=3 [(B+ BN, = (B+[BNUT + (18] = B)US — (18] = B)US] add (Iﬁ\U" 1BIU") =0
1 1
=5 (B+IBNULL = U) + 5 (18] = B)(Uiky = UT)-

Maximum Principle
Define: u(t,n,uz,ug) f Lp u(n up, ug) (@, t)da.

Theorem 1.54. Let n € N. Assume that the entries of the lumped mass matriz are positive. Assume that
7 is small enough so that the following holds:

dn
min <l—|—27' ”) >0,

€AY m;
where dj;, = — Zjel(i)\{i} dis. The following local maximum principle is satisfied: For all i € Ap:
urtt e [, uMn; UMt = min U U := max U}". (1.44)
JEI() jel(9)

Proof. By assumption, the result holds for all i € AY, so suppose i € AY. Recall that del(z) fU})-cij =0
since } e r(;) €ij = 0. Thus:

U77’+1 Un n mn n n
+Z FUM) - eiy — di5 (U = U) =0
JEI(3)
implies:
n+1 n T n n n n n
U+ =U; *E Z(f(Uj)*f(Ui))'cij*dij(Uj*Ui)
JEI(3)
n T n T n n
=UPH Y U U = Y e (U7) = FUM) ey
FEL(@\{i} FEI@N{i} "
=ur- Y SHEEDY o —dLUr— Y (U - fUM) ey
jerNGy JEI(@)\{i} FEID)\{i} !
1 C;j
={1- > —d") ur+ Y —d" 5 U+ U7 = (F(U) = (U)o
m; ij

jerangy FET(N{i}

2T n n 2T _
={1- Z Edij) Ui + Z EdijUij-
JeI(\{s} JEI\{s}

Thus, for small enough 7, we that Ui"'H is a convex combination of U* and UU Thus, we only to verify

that U;; € [UP, U] or U;; € (U}, Ul']. Let ngj := HE—J” and let ¢;; := H;é,i“be the “fake time”. Then:
ij
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T

U, =u(t ij 45, U, U")

)

as in the lemma from the scalar Riemann problem average section, provided ¢;j Amax(nij, ur, ur) < But:

1
5

Cis
tij)\max(nij7 Uzn7 U]n) = ”2(;51” >\max(nij7 U'Lna U_yn)
ij

el
- 2Amax(nijannann)||Cin
=1/2

)\max(nijv Uznv U]n)

Thus UZ = u(t;j,n;;, U, U ") Being as this is the average of the Riemann problem between U;", U},
we have that the maximum prmmple holds. [

For the next corollary, we require (our own) lemma:

Lemma 1.55. Let {¢;};en, be a partition of unity and ¢;(x) > 0 for all j. Let up := 34, Ujd;().
Denote Unax := max;Uj, Upin := min;U;. Then, Unin < up(x) < Unax for all x € D.

Proof. Since .. 4, ¢j(z) =1, we have:

= Z Uj(bj Z Umax¢j Umax;

JEAR JEA;
Umin = Umin Z ¢j Z Ujd)j(x) = uh(x)
JEA JEA;

O

Corollary 1.56. Let N € N\ {0}. Assume 0;(2) > 0 for all Z € K and all i € N and that the above CFL
condition is satisfied for all n < N. Let UQ;, := minjeq, UJ and UY,,, := max;ca, Uy Then:

min max

uh( ) [Ur?unv max] Vo € D nec {O N}

Proof. Consider uj(x ) By the lemma, U2, < u} < U2

max-*

Now, there exists jg, j1 € Ap such that

min

Ul =UP, Uk, =UP,. By the theorem, we have U? € [U"~ ' UM" ! U € [U™", Ul M,n]. But,
unLt <ot 1,Uj\i[1n Y <ursl Thus, [UZ,,UZ] C [U;llml,Ugm}] We may repeat this argument for
n—1,n—2---,1, and thus conclude up(z) € UL, UL ] C o C UL UL O

Entropy Inequalities

Theorem 1.57. Let n € N. Assume that the CFL condition holds. Let (n,q) be an entropy pair. Then the
following inequality holds for all i € Ap:

(=) + [ V{3 W, | ede— 3 dy (n(07) ~n(U7) <

jel(i) JEI(3)

Proof. Recall that the computation the CFL condition implies that Ui"Jrl is a convex combination. Thus:

2rd}; n 2rdf  _n
U < (1= > —L|nwhH+ Y n(Us;)-

jerangy jeln i} i

By assumption, f is Lipschitz, and so we may apply the Riemann average for the entropy inequalities.
Thus:
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n(Uy) < =UF) = n(UM) = ti;(a(UF) - ny — q(UF) - ng;).

Rearranging the earlier terms and using this inequality gives:

N =

ZmUpt)—n(Uien) < Y 2@ -nU) < [dmU) = n@) — lle (@) — a(UF) - i)

T JETGN\ {3} jeI@n\{i}

Thus,

Mt —gm) < S 2d (@) —n(Ul)

T

JEI(@)\{3}
< 20 | L@ 0@y =ty (U -nas — (U - s
— Z 1] 2(77< z>+77( ’L)) ] (q( j) nZJ Q( z) nlj)
Jeln e
tij= zdflj
= > (dijnU) +nU) = e (@U) - nij — q(UF) - nij)) -
JEI(@)\{3}

The result follows from the definition of n;;, ¢;; and that the sum can be extended to the whole space. [

1.4.2 Hyperbolic Systems First Order Approximation
Let us first develop our setting:

e n € R% normal vector

e (ur,ur), data with Apax(n,ur,ur) a bound on wave speed

e Our FEM space:
PL(T) = (P (Tu)™

o {¢i}ica, is a basis for P{(Ty).
® {ex}re{1:m}, canonical basis for R™

e We build a new basis: {exd; }ref1m},ica,-

The Scheme:
Let uj () := Y ;ca, Uidi(x) be a “reasonable” approximation of ug(z). As in the scalar case, we suppose
n+1

[

we have uj (7)== 3, 4 Ul'¢i(z). We compute the update u ia:

yrtt —unN
mi% + Z (f(an) “Cij — dzT‘Lh(UJn - Uzn)) =0. (1.45)
JEI(®)

As before, Cij = fD ¢1V¢jd$, dij = max()\max(nij, Ui, Uj)HCij||7 /\max(nij, Uj, Ul)”Cl]”)v with Nij = Cij/HCz'j”-
For now, we are concerned with whether or not the scheme is invariant (the system analog for maximum
principle). Throughout, we assume that B C A is convex.

Theorem 1.58. Let n € N. Assume that m; > 0 for all i € Ay,.

1. Under the CFL condition min;c 4, (1 + 27%) > 0, we have:

[{Uin}iEﬂh C 7] = [{U;L+1}i€/lh - E]a
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n
i

2. Under the condition min;e 4, (1 + 27%) > 0 we have:

{Ul'}iea € int(B)] = [{U"'}iea, C int(B)].

Proof. Similarly as before, we can rewrite the scheme as:

dr _

n+1 __ 1, n i

urtt=11- § 21—+ | Ul + E U,j-
JEI(d) b JEI(i)

~_Now, by lemma [2] (Riemann average for hyperbolic systems), with these CFL conditions, we obtain that
UZ- € B for all j. Thus U/""' € B. Finally, since this holds for all i, {U/""'};ca, C B. For the second

statement, we repeat the proof, but with int(B) instead of B. O
As in the scalar, we would like the full approximating function to be in the convex set too.

Corollary 1.59. Let N € N\ {0}. Assume that the reference shape functions are such that 6; > 0 for all
i€ N.
1. Assume that min;ec 4, (1 + 27%) > 0 for all n < N and that {U?};ca, C B. Then, {U'}ica, C B
and ull(r) € B for alln € {0: N} and = € D.

n
dz,

2. Assume that min;ec 4, (1 +272) >0 for all n < N and that {U}}iea, C int(B). Then {U'}iea, C
int(B) and uj(z) € int(B) forall z € D, n € {0: N — 1}.

Proof. Let n < N. Recall that ujy () = )_;c 4, Ul'¢i(z). Because ¢;(x) > 0 for all i € Ay, we conclude that
u}y is a convex combination of {U};ca. Be repeated applications of the above theorem, we conclude that
{Ur}ien, C B. Thus, since B is convex, ull(z) € B for all € D. The second statement is a similar proof
but with int(B) replacing B. O

1.5 Chapter 82: Higher order approximation

With the first order approximation complete, we want to increase our accuracy in both space and time. We
first address time and then address space (but space only for scalar valued equations).

1.5.1 Higher order in time

For time accuracy, we use a method called contractive or strong stability preserving (SSP). Specifically, we
use SSP and explicit Runge-Kutta (ERK), i.e., SSPRK methods. For time, the basic idea is to create convex
combinations of forward Euler steps such that each step has the invariant domain property. Simply put,
each step (or update) is decomposed into sub-steps (or sub-updates) with the final update being a convex
combination of the intermediate steps. Let us briefly recall the algorithm (recall that we are still working in
the general case):

Uttt —ur
mi————t+ > ((E(UF) ey — dis (U} = U})) =0.
Jel(d)

This can be rewritten as:

T n T n mn n n
Uttt =0p - — | ) (f(U}) - df5(U} - U})
b \sEr)
For the sake of good mathematics, let us generalize a bit. Let us define the operator L : R™*! — R™*!
such that for alli € A; = {1: I}
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L(U); € R™ is given by L — Z -¢ij —di; (U — UL

0
Thus, the one-step algorithm is given by:
U™t = U - rL(U").
To be careful with notation, we have:
Uttt = [Uy,..., Uy,
That is, a vector of vectors and L take these objects from one space to itself.

|1

From the previous chapter, under the CFL condition 27 max;c 4, T

{U}}iea Cint(B)] = [{U}44 C int(B)].

< 1, we have:

(1.46)

Thus, int(B)! is invariant under the operator I — 7L. Recall that the same holds for B when the CFL

condition is relaxed to be 27> di <1.

This is the property we Want to preserve, but with higher accuracy in time. To continue the generality,
let E be a finite dimensional vector space, A C E and time horizon 7" > 0. Consider an operator L :
[0,T] x A — E. We want to approximate the time-evolution problem: d;u + L(t,u) = 0. (For this to make
sense, we assume L is continuous in time and Lipschitz in u.) We also make a critical assumption: that there

exists a 7* > 0, B C A, B convex, such that for all ¢t € [0,T7], s € [0, 7*]:
[ve B] = [v+sL(t,v) € B].
For the sake of clarity, let give some notation for the SSPRK method.
1.oaj, Bij,i€{l:sh ke{0:i—1},ie,1<k+1<s.
2. {ci}ieq1:sy from the usual SSPRK method, but shift to {vx}xefo:s—11-

Now we introduce the SSPRK method we will invoke: For all n € N.

1. Given u™ € A, set w® = u”. Compute {wi}ie{lzs} by: (this is the “sub-update”)

wh = Z irw® + BigTL(ty 4+ vur, w") for all i € {1 : s}.

ke{0:i—1}
2. The update u"*? is given by u"*! = w*. (So we have s sub-updates.)

3. We require Zk€{0:i71} i =1, oy, Bir > 0 and o, =0 = B = 0.

4. With these considerations, we can rewrite the sub-update as (with K; = {ke {1:9i—1}:

wh= ) (w Dy TL(tn +%T,wk)> :
Qi

keK;

i # 0})

(1.47)

Thus, observe that each sub-update is a convex combination of the previous (forward-Euler made) sub-

updates. Lastly, define:

-1
Cos = Inf inf «yp ir =0 = B, = oo.
0s ie{i:s} kek, i ﬁzk ) ﬁz ) 513

We can now give a CFL condition that guarantees this higher order algorithm satisfies the invariant domain

properties.
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Theorem 1.60. Let the SSPRK method be defined as above with coefficients that satisfy the listed conditions.
Let B C E be a conver set and assume that there is a T* such that invariance condition above holds. Let ¢,
be defined as above. Then the following holds true for all T < cos7*:

[u" € B] = [u"*' € B].
Proof. Suppose u™ € B. We proceed via induction on i € {0 : s} that w' € B. Clearly w® = u"™ € B implies
that w® € B. Now let i € {0 : s} and suppose that w* € B for all k € {0:4 — 1}. Let
2P =k ozi_klﬂikTL(tn + v, w®) k€ K;.

Then, the sub-update can we written as:

= ) ap®”

keEK;

As noted before, we thus have that w’ is a convex combination, in particular of the z**s. Thus, we if can

ascertain that each z** € B, we deduce that w' € B. To this end, by assumption, 7 < cos7*. Thus,
7 < 7B aq for all i € {1: s} and all k € K;. In particular, the invariance condition for v + sL(t,v) holds.
Thus, since w* € B (by assumption), we have that z** € B. Therefore w' € B. This holds for all i € {0 : s},
in particular for i = s, and so ©"T! = w® € B. O

1.5.2 Higher order in space for scalar systems

The main idea is to reduce the fake viscosity in areas for the where the value is far away from the local
maxima. That is, we reduce viscosity in regions where the maximum principle is not in danger of being
violated. In areas where the principle is in danger, ie, the value is close to the maximum, we keep the first
order algorithm from previous to keep the maximum principle.

Recall the algorithm:

m; —— + Z e — dis (U = Uj )] =0; or
JEI(d)

Urtt = up 4 — > W) ey — diy (U7 = U))

¢ Lier
where dj; = max(Amax(niz, U7, U} [|cizll, Amax(nij, UF UT)), nij = Hiﬁ’ and ¢;; = [, ¢:V;da.
This is the first order algorithm. Because of this fact, let us denote for the higher order algorithm:
mn o .__ L,’I‘L
dij = d;;".
That is, for the higher order algorithm, the “L” denotes the fact that we are suing the lower order form.
Now, denote for all n a collection of weights:
P e0,1], i€ Ap.

With these weights, we can define the higher order viscosity terms:

di; = dl-Lj’n max(y;',¢;), € 1(i)\ {i}.
We keep the notation:
djy:=— > dj. (but with the new dyj; above.
FEI(@\{i}

The big question now is how to choose the {¢I"};c 4, carefully so that the maximum principle is satisfied.
That, we want:
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urtte ™, umtt, UM = min UF, UM = min U
; . J i i
jel(i) JEI(i)

We define a local CFL number based on the low- order viscosity:

or|dlm
no._ i Lon ,_ Ln
Wim s WTm s )
JeI(@D\{i}
Quick observation: if all the weights are equal to 1, ie, ¢;* =1 for all 7 and n, then d}; = diLj’", and we resort
to the low order algorithm. Then, under the CFL condition:

n 2T|dii
max-y,” = max —— < 1,
i€AL ieAy) My

we have:
27d;;
min <1 + TJ) > 0.
i€ A9 m;

Thus the CFL condition holds for the maximum principle.
For the case when ¢! # 0, we use the following:
Define 07 € [0,1] such that:

n U’Ln — mevn . M,n m,n 1 .
0 = o LU = UM #0, 3 otherwise.
Ut =U;

Quickly observe that this definition implies

Ul = Q?UZ.M’” + (1 -6num™".
Let us define the following sets:

I ={jel@): U<U}}y; 1(i7):={jel(i): U'>U}.

Further define:
n 2T n 2T n
o I - W
' jerit) ' jer(io)

If I(i%) = 0, set 4™ = 0.

3
The first result is of serious importance, and it gives a tool for not just achieving the maximum principle,

but also a stronger estimate on the update.

Lemma 1.61. Letn >0 and i € AY. Assume that v <1 and UM™ — U™" # 0. Define:

n n n mn n 1 T
5" ¢:(1*9”(1*%)*91(1*%)5%7
m,n n n n ”1 n
o7 = 07 (L= A7) = (1= 01)(1 = ) 57

Let UZ-”Jrl be defined as in the algorithm. Then:

Ut e Ui, n+ (UM = omar UM - @) - up)st

3
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Smoothness based graph viscosity

The object of this section is to develop a way to pick the weight {17} such that the maximum principle
holds. The moral of the story here is to find good conditions such that the weights are small (so we have
smaller viscosity) but we preserve the maximum principle.

Suppose UM"™ # U™™. Introduce the following object:

- S Butup —um|
Y Yerw B |U” url”

The idea is to get the weights (¢I') from a function
¢ € Lip(0,1],[0,1]) w/ (1) =1, ¢} :=1(af).

If U* = local extremum (so min or max), then have that aj =1 (check if in doubt). Thus, when U}" is
a local max or min, o =1 so ¢} =1, and as previously discussed, this resorts to the low order algorithm.

In general, if ¥(a) := 1, then we resort to the low order method, which satisfies the maximum principle.
Let us define:

% Bij >0, Bij #0 for at least one 4j.

M .— min M = max
61 jEI( BZ]? /81 ]EI( )glj

Furthermore, suppose we have a 4 such that for all h:

M

i for all i e I(0) ;
0< By forallie Ay, jel(i); znel?lxﬂm_

B

Finally set:
cy = Py max card(I(i)).
h
We these assumptions, we can prove a maximum principle.
Theorem 1.62. Let ¢ € Lip([0,1],[0,1]) be such that (1) = 1. Let K, denote the Lipschitz constant for

. Set ¥ = Y(al) for alli € Ap and n > 0 with o, B;; defined as above. Then the algorithm with the
new df; satisfies the local mazimum principle under the CFL condition max;ea, vi' < 1/(1+ kycy).

Proof. First, observe that if U™ = U™", then U = U for all j € I(i). If we recall the scheme:
E——— Z [f(Uj)‘Cij_dz’j(Uj -UM] =0
JEI(@)\{i}

we see that the dj; terms vanish since U' = U;" and that

Y fU) e =fU) Y ey =fUN0=0
JEI(@\{i} JEI(H\{i}
Thus, UM = U7 e [U™", UM"] and the maximum principle is satisfied.
Now, if 8 € {0,1}, then U* = U;™" or UiM’" respectively. As previously noted, this implies that the

K3
algorithm resorts to the first order version, and thus satisfies the maximum principle. Finally, suppose that

0 € (0,1). Let us define the objects:
3?‘: Z 6U|U]n—Uzn, Si_: Z ﬂ”’UJn—UZn
JEI(iY) JEI(i™)
Note that ¢ € I(iT), i & I(:~). With these objects, we observe:
F= Y B(Um-UM, s;= > =B, -UM,

JEI(T) JEI(i™)
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and that:

+ - _ ny. + - _ n n
S —S8; = E Bij (U =U); s +5; = E /6ij|Uj -Uj'].
JeI(@\{i} JEI(@)\{i}
Thus, we compute:
+ - - F_ -
n_ Si TS| _ S — 8 Si — 5
l—oi=1-"F—"="F+—= e
Si TS S; — 5 Sp T 5
+ - + -
< S8, — 8 + S, — 8
- 5+ — s, 3+ — s,
7 K2 (2 3
+
st —sT
i i

Note the following inequalities:

Bjier(i)Bij ‘an -

> BulUf =

JEI(i)

Thus:

2jerq Bii(Uf' =

et B (Uf = U7)

Zje[(i) Bij |Ugm - Uin|
url< Y gylumt—ur
JEI(3)
url= Y prlup - url
JEI(3)
> g (|vtn -u —Uy).

ur) Yiern Bis (U = UP)

2

Zje[(i) Bij |UJn -U

A similar style argument gives that 1 — «

1 —9(ef)

(Readily observe that ~; ™

M,n — (1

> (1-
= (
(

=(1-

P(1) = (e

M pm((uM — o] o — o))

Mmn 1

M
yMn _

_ 9”
20 =60 g
<2(1- 9?)6#.

<207 cy. We thus deduce:

i) < kyp(l—af
< kyey min(67,1 — 607).

< 4" by definition.) Therefore:

o)1 — ) — (1 — w(ay))%f,n
07)(1 =) = 07" (1 = 0 ) ky ey
—07) [(1L = ~7") — 07 kycur]']

07) [1 = (1+ kyeyt])] .
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The last quantity is non-negative when

1
(14 kypexb?)~ <1, that is, when 7" < T ey

Similarly, we deduce:

B = 011 = A1) — (1= 81 (L~ (el 5"
> 07 (L—=~7) — (1 = 07)0 kycpni’
=001 =" = (1 = 0;)kycyni’)
=07 (1 — (1 + (1 =07 )kypcu)).
As before, this quantity is non-negative when

ne -
= T hyey

This holds by assumption by the CFL condition. Thus, 55\4’”,5;"’” > 0, and thus by the lemma, we
satisfy the maximum principle. O
Greedy Graph Viscosity
The main idea of this approach is to satisfy the gap lemma without invoking any notion of smoothness.

Theorem 1.63. Let 07, 7, ’yii’n be defined as before. Define the weights:

Li-6p 1 6
" = max (1 —2(1 —~7") min (v” eyl VAL —29?> 70)

7

with the convention that Y —1 if 07 € {0,1}. Then the (high - order) space algorithm satisfies the mazimum
principle under the CFL condition max;ecq, v;* < 1.

Proof. AS before, if U™" = UiM’”, then U = U € [UZ”’”,UiM’"], which implies the maximum holds
under the CFL condition. If 6" € {0, 1}, then ] = 1. Then, since 7}* < 1 by assumption, d}}; = dfj" for all
j € I(i). We thus resort to the low-order algorithm, and since this is a tighter CFL condition, we achieve
the maximum principle.

Lastly, assume 67 € (0, 1). By assumption, we get that:

11-0" 1 or
?>1-2(1—-~")min | — L L
% = ( Vz)mln (’Yn 0? ) j’n1—9:l>

i

21— 47) 1 67

>1—

,yi—,n 9:7,
Thus:
51" = (L= (1 = 0) + 07 (e — 1)1
— A — o
> (1o +op (1 20 )0
'yi’ 91 2

Yu

= (1= )1 = 07) + (1= 81)(1 - 67))
=0.
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A similar argument gives that 6;"" > 0 as well. Thus, after applying the gap lemma, we conclude that the
maximum principle is satisfied. O
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